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Quaternionic Quantization Principle in General Relativity and Supergravity
Martin Kober∗
Kettenhofweg 121, 60325 Frankfurt am Main, Germany
A generalized quantization principle is considered, which incorporates nontrivial commutation re-
lations of the components of the variables of the quantized theory with the components of the corre-
sponding canonical conjugated momenta referring to other space-time directions. The corresponding
commutation relations are formulated by using quaternions. At the beginning, this extended quan-
tization concept is applied to the variables of quantum mechanics. The resulting Dirac equation and
the corresponding generalized expression for plane waves are formulated and some consequences for
quantum field theory are considered. Later, the quaternionic quantization principle is transferred to
canonical quantum gravity. Within quantum geometrodynamics as well as the Ashtekar formalism
the generalized algebraic properties of the operators describing the gravitational observables and the
corresponding quantum constraints implied by the generalized representations of these operators are
determined. The generalized algebra also induces commutation relations of the several components
of the quantized variables with each other. Finally, the quaternionic quantization procedure is also
transferred to N = 1 supergravity. Accordingly, the quantization principle has to be generalized to
be compatible with Dirac brackets, which appear in canonical quantum supergravity.
I. INTRODUCTION
The unification of quantum theory with general relativity is probably the most important research topic in con-
temporary fundamental theoretical physics. Various approaches exist to obtain a quantum theory of gravity. In the
existing literature one can distinguish between two classes of theories. One class of theories presupposes usual general
relativity, perhaps in a modified formulation, and then transfers the quantization principle of quantum theory to the
corresponding degrees of freedom contained in the gravitational field. This is performed by canonical quantization or
covariant quantization. The other class of theories assumes a modification of usual general relativity by presupposing
an extended geometrical structure of space-time or an extended dynamics of the gravitational field for example, and
then uses the general quantization principle of quantum theory as well. This means that the quantization principle
and thus quantum theory remains usually completely unchanged.
But in principle it is also thinkable that quantum theory, this means the quantization principle, which determines
the properties of the corresponding quantized theory, if a classical theory is presupposed, has to be generalized instead
of the theory, which shall be formulated quantum theoretically. This means that it is not only possible to consider
the presupposed geometry or dynamics of usual general relativity as an approximation to a more general gravity
theory, but also to consider the quantization principle usually used in quantum mechanics, quantum field theory and
approaches to a quantum description of general relativity as approximation to a more general quantization principle.
The generalized uncertainty principle in quantum mechanics as well as noncommutative geometry represent ex-
tensions of the quantum properties of the variables of quantum mechanics. The generalized uncertainty principle,
developed in [1],[2],[3],[4],[5],[6],[7], postulates generalized commutation relations between the position operators and
the corresponding momentum operators. Noncommutative geometry, originally considered in [8], postulates besides
the commutation relations between the position operators and the corresponding momentum operators also commuta-
tion relations between the several components of the position operator and this idea can be transferred to additional
commutation relations between the several momenta, presupposed in [9] for example. A generalized uncertainty
principle can, depending on the special scenario, also imply commutation relations of the several components of the
position operator with each other and this holds analogously for the momentum operator. These concepts can be
interpreted as fundamental properties of nature and thus they would belong to quantum theory itself and accordingly
represent a generalization of the concept of quantization. If this is postulated, then these generalized quantization
principles have also to be transferred to the quantization of general relativity an thus the gravitational field what
differs from the formulation of clasical general relativity on noncommutative space-time [10] or even usual quantum
general relativity on noncommutative space-time [11],[12],[13],[14]. In [15],[16],[17],[18],[19] ideas to transfer the con-
cept of a generalized uncertainty principle to gravity can be found, but in [20] and [21] the generalized uncertainty
principle principle has really been transferred to the variables of canonical quantum gravity and quantum cosmology,
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2whereas in [22] the concept of noncommutative geometry has been transferred to the components of the tetrad field.
An extension of the field theoretic quantization principle to a nonlocal quantization principle has been considered in
[23].
In the present paper is suggested an approach to generalize the quantization principle of quantum theory, which
seems concerning its application in quantum mechanics as a natural extension of the concept of noncommutative
geometry. In noncommutative geometry the commutation relations of quantum mechanics are extended by commuta-
tion relations between the several components of the position operator. In the quantization concept presented in this
paper are not only postulated nontrivial commutation relations between the components of the variables of the theory,
which has to be quantized, and the corresponding components of the canonical conjugated variables belonging to the
same space-time direction, but also nontrivial commutation relations with the components of the canonical conjugated
variables belonging to other space-time directions. This generalized quantization principle of general quantum theory
is formulated based on the mathematical concept of quaternions. Concretely, the additional commutation relations
are assumed to be of the same shape, but are not proportional to the imaginary unit, but to another direction in the
space of quaternions. If all these commutation relations were assumed to be proportional to the usual imaginary unit
of the space of complex numbers, the tensor defining the quantization would not be invertible and in case of quantum
mechanics no plane waves could be defined.
The generalized quantization principle, which could be called as quaternionic quantization principle, is first studied
in the simplest case of quantum mechanics and after this it is transferred to general relativity and N = 1 supergravity.
Of course, this kind of generalization of the quantization principle presupposes canonical quantization and accordingly
the canonical formulations of general relativity and N = 1 supergravity have to be considered.
Quaternions with respect to physical theories have been studied in many areas of theoretical physics, for exam-
ple quaternionic formulations have already been studied in the context of quantum mechanics, [24],[25],[26],[27],
[28],[29],[30],[31],[32],[33],[34],[35],[36],[37],[38],[39],[40],[41] and quantum field theory [42],[43],[44],[45]. Concerning
general relativity and geometry, quaternionic structures have been studied in [46],[47],[48],[49],[50],[51],[52],[53],[54],
[55],[56],[57],[58],[59],[60],[61],[62],[63],[64],[65],[66],[67],[68],[69],[70],[71],[72]. Besides, quaternions have been used
with respect to reformulations and extensions of particle physics and the standard model, [73],[74],[75],[76],[77],
[78],[79],[80],[81],[82],[83],[84],[85], and especially with respect to supersymmetry as well as supergravity, [86],[87],[88],
[89],[90],[91],[92],[93],[94],[95],[96]. But it is very important to mention that the quaternionic generalization of the
quantization principle considered in the present paper differs decisively from earlier considerations, since here a com-
pletely new quantization principle as general physical concept is considered, whereas in the mentioned explorations
a quaternionic reformulation of some physical theories or special geometrical scenarios through the introduction of
quaternionic quantities have been considered. This means that the concept of quaternions serves as a mathemati-
cal concept to generalize the quantization principle as a physical concept, which becomes manifest with respect to
quantum mechanics, quantum field theory as well as the quantization of general relativity and supergravity.
The paper is structured as follows: At the beginning is given a short introduction to the concept of quaternions.
Then the suggested generalized quantization principle, which is based on quaternions and consists in the addition of
nontrivial commutation relations between the components of the variables and the components of the corresponding
canonical conjugated variables belonging to other space-time directions, is formulated for quantum mechanics as special
manifestation. The corresponding free Dirac equation and the generalized plane waves are determined. After this the
corresponding generalized propagator of a scalar field as well as the generalized gauge principle of electrodynamics
related to local phase invariance are considered. Subsequently, the main aim of this paper is treated, the generalization
of the canonical quantum description of general relativity by the idea of the quaternionic quantization principle.
Accordingly the generalized commutation relations between the position and momentum operator are transferred to
the variables of quantum geometrodynamics as well as to the variables of the Ashtekar formalism. Based on this,
the corresponding quantum constraints are derived, especially the generalized Wheeler-DeWitt equation. As most
intricate manifestation, the quaternionic quantization principle is also applied to an extension of classical general
relativity, canonical supergravity namely and especially N = 1 supergravity. Since in the quantization procedure of
supergravity appear Dirac brackets because of the second class constraints, the quaternionic quantization principle has
to be generalized to be applicable to theories, which are usually quantized by defining Dirac brackets. This leads to
much more complicated commutation relations. After this, the corresponding constraints are generalized and finally
the inner product of canonical quantum supergravity has also to be reformulated.
II. QUATERNIONS
In this section is given a short repetition of the concept of quaternions, which serves also to introduce the notation,
which is used to express the quaternions. Quaternions are a generalization of complex numbers with two additional
dimensions besides the usual real dimension and the usual imaginary dimension. This means that quaternions represent
3elements of a four-dimensional vector space as number space. A quaternion can be represented in the following way:
q = a+ bi+ cj + dk, (1)
where a, b, c and d are real numbers and i, j, k are quantities fulfilling the following relations:
ij = −ji = k, jk = −kj = i, ki = −ik = j, i2 = j2 = k2 = −1. (2)
The corresponding conjugated quantity to a quaternion q defined in (1), q∗, is defined as
q∗ = a− bi− cj − dk. (3)
Of course, the space of the complex numbers represents a subspace of the space of the quaternions, which is built by
all quaternions with c = d = 0. The norm of a quaternion denoted by |q| is given in analogy to the norm of a complex
number by
|q| = √q∗q =
√
a2 + b2 + c2 + d2. (4)
The quaternions can be represented by using the Pauli matrices, if 1, i, j and k are related to the Pauli matrices the
unity matrix in two dimensions included in the following way,
1 = σ0 =
(
1 0
0 1
)
, i = iCσ
3 =
(
iC 0
0 −iC
)
, j = iCσ
2 =
(
0 1
−1 0
)
, k = iCσ
1 =
(
0 iC
iC 0
)
, (5)
where iC denotes the usual complex unit. This is helpful to determine the inverse matrix of a quaternionic matrix for
example, which can be represented by a complex matrix in this way.
III. QUATERNIONIC QUANTIZATION IN QUANTUM MECHANICS
In this section the generalized quantization concept based on the mathematical concept of quaternions shall be
introduced and this is done in the realm of quantum mechanics. The basic postulate of quantum mechanics consists
in the fundamental commutation relation between the position and the corresponding momentum operators,
[xˆµ, pˆν] = iδ
µ
ν , (6)
which defines their mathematical properties and constitutes the corresponding complex vector space of the possible
states. The Planckian constant ~ as well as the speed of light c are set equal to one throughout the paper, ~ = c = 1.
Greek indices refer to all coordinates of space-time, whereas Latin indices refer to the spatial coordinates of space-
time in this paper. In usual quantum mechanics the components of the position operator fulfil only nontrivial
commutation relations with the corresponding components of the momentum operator, which refer to the same space-
time direction. Noncommutative geometry extends these relations by additional commutation relations between the
several components of the space-time coordinates, [xˆµ, xˆν ] = iθµν . As already mentioned in the explanation of the
introduction, it suggests itself to generalized the quantization postulate (6) to a generalized quantization postulate,
containing also nontrivial commutation relations between the components of the position operator and the components
of the momentum operator not referring to the same space-time direction. If these commutation relations would also
be postulated to be proportional to the complex imaginary unit iC, this would lead to a matrix, which is not invertible
and thus no generalized plane waves as solutions for the free field equations could be defined. Therefore quaternions
are introduced to enable the postulation of commutation relations being proportional to another direction in the
space of the quaternions. Accordingly, a transition to the following fundamental commutation relation is suggested
as generalization of usual quantum mechanics:
[xˆµ, pˆν ] = iδ
µ
ν −→ [xˆµ, pˆν ] = αµν , (7)
4where αµν is a quaternionic tensor of second order which looks as follows:
αµν =


i κj κj κj
κj i κj κj
κj κj i κj
κj κj κj i

 . (8)
i and j denote the units of the quaternionic number space defined in (2) and κ denotes a dimensionless parameter
defining the relation between the influence of the usual commutation relations and the additional ones. If κ goes to
zero, one obtains usual quantum mechanics as approximation to the theory presented in this paper. To generalize
plane waves according to (7), the inverse matrix of αµν will become important, which is given by
(
α−1
)µ
ν
=


aii+ ajj bii+ bjj bii+ bjj bii+ bjj
bii+ bjj aii+ ajj bii+ bjj bii+ bjj
bii+ bjj bii+ bjj aii+ ajj bii+ bjj
bii+ bjj bii+ bjj bii+ bjj aii+ ajj

 , (9)
where the coefficients ai, aj , bi and bj are defined as
ai = − 7κ
2 + 1
9κ4 + 10κ2 + 1
, aj =
6κ3
9κ4 + 10κ2 + 1
, bi =
2κ2
9κ4 + 10κ2 + 1
, bj = − 3κ
3 + κ
9κ4 + 10κ2 + 1
. (10)
The quantization postulate (7) also implies nontrivial commutation relations between the several components of the
position and the momentum operator, which are implied by the nontrivial commutation relations between the several
components of the tensor αµν , which are given by
[αµν , αρσ] = Λµνρσ, (11)
where Λµνρσ is a tensor of fourth order, which can be represented as a matrix,
Λµνρσ = κ


λ
µν
i λ
µν
j λ
µν
j λ
µν
j
λ
µν
j λ
µν
i λ
µν
j λ
µν
j
λ
µν
j λ
µν
j λ
µν
i λ
µν
j
λ
µν
j λ
µν
j λ
µν
j λ
µν
i

 , (12)
containing the tensors λµνi and λ
µν
j of second order, which are of the following shape, if they are again represented as
matrices:
λ
µν
i =


0 2k 2k 2k
2k 0 2k 2k
2k 2k 0 2k
2k 2k 2k 0

 , λµνj =


−2k 0 0 0
0 −2k 0 0
0 0 −2k 0
0 0 0 −2k

 , (13)
where k denotes according to (2) besides i and j the third imaginary unit in the quaternionic number space. The
generalized quantization condition (7) is fulfilled by the following shape of the position and the momentum operator
represented in position space:
xˆµ = xµ, pˆµ = −ανµ
∂
∂xν
. (14)
The position and the momentum operator represented in momentum space are of the following shape:
xˆµ = αµν
∂
∂pν
, pˆµ = pµ. (15)
5By using the representation of the momentum operator in position space given in (14) and the representation of the
position operator in momentum operator given in (15), the commutation relations of the several components of the
momentum operator with each other and of the several components of the position operator with each other can be
determined. The position representation is only valid, if the algebra (7) is supplemented by the following commutation
relations:
[xˆµ, xˆν ] = 0, [pˆµ, pˆν ] = [αµρ, ανσ]
∂
∂xρ
∂
∂xσ
= Λµρνσ
∂
∂xρ
∂
∂xσ
= Λµρνσ
(
α−1
)
ρλ
(
α−1
)
σκ
pˆλpˆκ, (16)
and analogously, the momentum representation is only valid, if the algebra (7) is supplemented by the following
commutation relations:
[xˆµ, xˆν ] = [αµρ, ανσ]
∂
∂pρ
∂
∂pσ
= Λµρνσ
∂
∂pρ
∂
∂pσ
= Λµρνσ
(
α−1
)
ρλ
(
α−1
)
σκ
xˆλxˆκ, [pˆµ, pˆν ] = 0. (17)
In (16) and (17), the commutation relations between the several components of the quantization tensor αµν , (11),
has been used. The squared four-momentum operator as well as the squared four-position operator are equal to the
corresponding squared operators of usual quantum mechanics and thus the following commutation relations are valid:
[pˆµpˆµ, pˆν ] = 0, [xˆ
µxˆµ, xˆν ] = 0. (18)
Of course, the commutation relations between the components of the corresponding angular momentum take a gen-
eralized form as well. The angular momentum operator is defined as
Lˆa =
1
2
ǫabc (xˆbpˆc + pˆcxˆb) , (19)
where ǫabc denotes the total antisymmetric tensor in three dimensions. By using (7) as well as (16) or (17) respectively,
the commutators between the components of the angular momentum operator with each other in case of the position
representation as well as the momentum representation can be calculated and are given by
[
Lˆa, Lˆd
]
=
1
4
ǫabcǫdef
[
2αbf (xˆepˆc + pˆcxˆe)− 2αec (xˆbpˆf + pˆf xˆb) + Λcgfh
(
α−1
)gi (
α−1
)hj
xˆbxˆepˆipˆj
+Λcgfh
(
α−1
)gi (
α−1
)hj
xˆbpˆipˆj xˆe + Λcgfh
(
α−1
)gi (
α−1
)hj
xˆepˆipˆjxˆb + Λcgfh
(
α−1
)gi (
α−1
)hj
pˆipˆjxˆbxˆe
]
(20)
in case of (16) corresponding to the position representation, and by
[
Lˆa, Lˆd
]
=
1
4
ǫabcǫdef
[
2αbf (xˆepˆc + pˆcxˆe)− 2αec (xˆbpˆf + pˆf xˆb) + Λbgeh
(
α−1
)gi (
α−1
)hj
xˆixˆj pˆcpˆf
+Λbgeh
(
α−1
)gi (
α−1
)hj
pˆf xˆixˆj pˆc + Λbgeh
(
α−1
)gi (
α−1
)hj
pˆcxˆixˆj pˆf + Λbgeh
(
α−1
)gi (
α−1
)hj
pˆcpˆf xˆixˆj
]
(21)
in case of (17) corresponding to the momentum representation. The states |ψ〉 of the Hilbert space HQ, where
the operators of the quaternionic generalized quantum mechanics according to (7) live in, can be represented as
wave-functions, which take quaternionic values,
ψ(x) = ψ1(x)1+ ψi(x)i + ψj(x)j + ψk(x)k. (22)
The inner product between two states constituting the Hilbert space HQ, 〈 · | · 〉, represented in position space, can
be defined in complete analogy to usual quantum mechanics to be
〈ϕ|ψ〉 =
∫
d3x ϕ∗(x)ψ(x), (23)
6where ψ∗(x) denotes the conjugated quaternionic wave function, which is defined by (22) and the definition of quater-
nionic conjugation (3). Also hermitian conjugation of operators is defined in analogy to usual quantum mechanics
by replacing complex conjugation by quaternionic conjugation. Accordingly the hermitian conjugated operator to an
operator Aˆ is defined as
Aˆ† = Aˆ∗T , (24)
where the ∗ again denotes quaternionic conjugation as specified in (3) and generalized hermiticity and unitarity are
accordingly defined by the conditions A† = A and U † = U−1. The generalized position and the generalized momentum
operators are still hermitian operators. To show this, as usual one uses the relation 〈ϕ|Aˆ|ψ〉 = 〈ψ|Aˆ†|ϕ〉∗ with respect
to the quaternionic case referring to (23) and (24), which implies for hermitian operators: 〈ϕ|Aˆ|ψ〉 = 〈ψ|Aˆ|ϕ〉∗.
Concerning the position operator this means
〈ϕ|pˆµ|ψ〉 =
∫
d3x ϕ∗(x)
(
−ανµ
∂
∂xν
)
ψ(x) =
∫
d3x ψ(x)
(
ανµ
∂
∂xν
)
ϕ∗(x)
=
∫
d3x
[
ψ∗(x)
(
−ανµ
∂
∂xν
)
ϕ(x)
]∗
= 〈ψ|pˆµ|ϕ〉∗. (25)
In (25) has been performed partial integration in the second step, where has been used that any wave-function
ψ(x) representing a physical state |ψ〉 has to go to zero at infinity to maintain that the function is square integrable∫
d3x|ψ|2 <∞, and that (α∗)ν µ = −ανµ. The hermiticity of the position operator can of course be shown analogously.
The generalized Klein-Gordon equation corresponding to the generalized representation of the momentum operators
(14) looks as follows:
(
pˆµpˆµ −m2
)
ψ(x) = 0 ⇔ (αµναµρ∂ν∂ρ −m2)ψ(x) = 0, (26)
and the corresponding generalized Dirac equation looks as follows:
(γµpˆµ +m)ψ = 0 ⇔ (αµνγµ∂ν +m)ψ = 0. (27)
The corresponding Dirac Lagrangian to (27) is of the following form:
L = ψ¯ (αµνγµ∂ν −m)ψ, (28)
where ψ¯ = ψ†γ0 and the † denotes quaternionic adjungation according to (24). It is important to mention that the
Dirac matrices denoted by γµ referring to the Dirac spinor space are still formulated with usual complex numbers
and accordingly they commute with the quaternionic quantization tensor,
[αµν , γρ] = 0. (29)
The solution of the generalized Dirac equation (27) as well as of the corresponding generalized Klein-Gordon equation
(26) is defined by the generalized plane waves, which are equivalent to the eigenstates of the momentum operator in
position space, |p〉, which are given by
|p〉 = exp
[
− (α−1)µν pµxν] , (30)
what can be seen by applying the momentum operator to |p〉:
pˆµ|p〉 = −ανµ∂ν exp
[
− (α−1)ρσ pρxσ] = −ανµ∂ν [(−α−1)ρσ pρxσ] exp [− (α−1)ρσ pρxσ]
= ανµ
(
α−1
)ρ
ν
pρ exp
[
− (α−1)ρσ pρxσ] = δρµpρ exp [− (α−1)ρσ pρxσ]
= pµ exp
[
− (α−1)ρσ pρxσ] = pµ|p〉. (31)
7To separate the components belonging to i and to j, the momentum eigenstates (30) can be rewritten to
exp
[
− (α−1)µν pµxν] = exp [− (aiipµxµ + ajjpµxµ + biip0x1 + bjjp0x1 + biip0x2 + bjjp0x2 + biip0x3 + bjjp0x3
+biip1x0 + bjjp1x0 + biip1x2 + bjp1x2 + biip1x3 + bjjp1x3
+biip2x0 + bjjp2x0 + biip2x1 + bjjp2x1 + biip2x3 + bjjp2x3
+biip3x0 + bjjp3x0 + biip3x1 + bjjp3x1 + biip3x2 + bjjp3x2)]
= exp
[− (iβµνi pµxν + jβµνj pµxν)] , (32)
where the tensors βµνi as well as β
µν
j have been defined, which can be represented as matrices in the following way:
β
µν
i =


ai bi bi bi
bi ai bi bi
bi bi ai bi
bi bi bi ai

 , βµνj =


aj bj bj bj
bj aj bj bj
bj bj aj bj
bj bj bj aj

 . (33)
Remember that the entries ai,aj ,bi and bj of the matrix representation of the tensors β
µν
i and β
µν
j in (33), have
already been defined in (10). Since a complete set of eigenstates to all four components of the momentum operator
in position space can be found (30),(31), although the components of the momentum operator do not commute with
each other in case of the position representation (16), the theorem that such a set of eigenstates with respect to
two operators does exist exactly then, if these commutators commute with each other, does not hold anymore in
the presented quaternionic generalization of quantum mechanics. This property of course arises directly from the
noncommutativity of the units of the imaginary directions, i, j, k, of the quaternionic number space.
IV. CONSEQUENCES FOR QUANTUM FIELD THEORY
A. Calculation of the Generalized Propagator
In this section are considered the corresponding consequences of the generalized quantization postulate of quantum
mechanics (7), which has been introduced in the last section, for quantum field theory. Since with respect to the
derivation of the propagator a scalar field is considered, the generalized quantization postulate has not to be transferred
to field quantization here, but the influence arising from the generalized quantum theoretical field equations to quantum
field theory are explored. By using the generalized expression of the plane waves as momentum eigenstates given in
(30) and (32) respectively, a free scalar field as solution of the generalized Klein-Gordon equation reads
φ(x) =
∫
d3p√
(2π)
3
2p0
{
q exp
[−iβµνi pµxν − jβµνj pµxν]+ q∗ exp [iβµνi pµxν + jβµνj pµxν]} . (34)
The quaternionic quantization principle of quantum mechanics (7) influences the shape of free quantum theoretical
field equations and thus the plane waves, but it does not influence the Fock space structure of the Hilbert space of
many particles. Therefore the postulated commutation relations between the coefficients of the plane waves concerning
field quantization remain the same. This means that to obtain the quantum properties of a scalar field in case of
quaternionic quantization, the coefficients have to become operators, q → qˆ, q∗ → qˆ†, which have the same properties
as in the usual case,
[
qˆ (p) , qˆ† (p′)
]
= δ (p− p′) . (35)
The corresponding scalar field operator reads
φˆ(x) =
∫
d3p√
(2π)
3
2p0
{
qˆ exp
[−iβµνi pµxν − jβµνj pµxν]+ qˆ† exp [iβµνi pµxν + jβµνj pµxν]} . (36)
8To obtain the corresponding propagator to this generalized quantum field (36), as usual one has to consider the
expectation value with respect to the vacuum state, |0〉, of the time ordered product,
T [A (t1)B (t2)] =
{
A (t1)B (t2) , if t1 > t2
B (t2)A (t1) , if t2 > t1
, (37)
of the field operator at two different space-time points x and y,
G (x− y) = 〈0|T
[
φˆ(x)φˆ(y)
]
|0〉
=
∫
d3p
(2π)
3
2p0
{θ (x0 − y0) exp [Z (−κ (p, x) , κ (p, y))] + θ (y0 − x0) exp [Z (−κ (p, y) , κ(p, x))]}
= i
∫
dτ
2π
∫
d3p
(2π)3
{
exp [−iτ (x0 − y0)] exp [Z (−κ (p, x) , κ (p, y))]
2p0τ + iǫ
+
exp [−iτ (y0 − x0)] exp [Z (−κ (p, y) , κ (p, x))]
2p0τ + iǫ
}
= i
∫
dτ
2π
∫
d3p
(2π)
3
exp [−iτ (x0 − y0)]
2p0τ + iǫ
{exp [Z (−κ (p, x) , κ (p, y))]− exp [Z (−κ (p, y) , κ (p, x))]} , (38)
where has been defined
κ(p, x) = iβµνi pµxν + jβ
µν
j pµxν . (39)
In (38) have been used as usual the definition of the Θ-function,
Θ (x0 − y0) = lim
ǫ→0
− 1
2πi
∫
dτ
exp [−iτ (x0 − y0)]
τ + iǫ
, (40)
and the Baker-Campbell-Hausdorff formula,
expA expB = expZ (A,B), with Z (A,B) =
∞∑
n=1
(−1)n−1
n
n∑
i=1
∑
ri+si>0
n∏
m=1
ArmBsm
rm!sm!
. (41)
B. Quaternionic Gauge Principle
The wave function in the generalized Dirac equation (27) represents a quaternionic spinor wave function. This
means that the spinor structure is the same as in usual quantum field theory, but the wave function is quaternionic
and thus it is of a shape as defined in (22). With respect to usual complex wave functions one can perform phase
transformation, ψC(x)→ eiαψC(x). The free wave equations are invariant under such a transformation, if it is chosen
to be a global transformation. The postulate of local invariance under a phase transformation leads to the necessity
to introduce the electromagnetic potential and thus the electromagnetic interaction has its origin in a symmetry
principle. This symmetry principle has to be generalized in the quaternionic case, since in this case a transformation
is possible, which refers to all quaternionic directions, i, j and k. The intricacy of such a generalization consists in
the noncommutativity between the quantities i, j and k, which build a Lie Algebra, the Lie Algebra belonging to the
SU(2) namely. Accordingly even usual electrodynamics has to be generalized to a certain kind of non Abelian gauge
theory. The quaternionic Dirac equation (27) contains the following generalized quaternionic phase invariance:
ψ −→ exp(iϕ+ κjχ+ κkρ)ψ, αµν −→ exp(iϕ+ κjχ+ κkρ)αµν exp(−iϕ− κjχ− κkρ). (42)
The prefactor κ of the quantities j and k maintains that the theory becomes approximatively equal to usual elec-
trodynamics, if κ goes to zero. Since αµν is a quaternionic tensor, it has of course to be transformed as well. A
precondition for the invariance of the quaternionic Dirac equation (27) under the generalized quaternionic phase trans-
formations (42) is that the γ-matrices commute with the quaternionic quantization tensor αµν (29). If this symmetry
9is postulated to be a local symmetry, then the corresponding potential as generalization of the usual electromagnetic
potential has to contain three components referring to the three directions of the quaternionic space. This means that
the Lagrangian containing the local quaternionic phase invariance reads as follows:
L = ψ¯ (αµνγµDν −m)ψ, (43)
where the covariant derivative Dµ is defined in the following way:
Dµ = ∂µ + iAµ + κjBµ + κkCµ. (44)
The gauge potentials appearing in (44) under an infinitesimal transformation have to transform according to
Aµ −→ Aµ − ∂µϕ− κkAµχ+ κjAµρ,
Bµ −→ Bµ − ∂µχ− κiBµρ+ kBµϕ,
Cµ −→ Cµ − ∂µρ− jCµϕ+ κiCµχ, (45)
if a local phase transformation is considered. This means that the Lagrangian (43) is invariant under combined
local transformations of the shape (42) and (45) and represents the generalization of electromagnetism with respect
to the quaternionic generalization of quantum mechanics according to this paper. Accordingly also a generalized
field strength tensor has to be built based on the generalized covariant derivative (44), which is as usual defined as
commutator of the components of the covariant derivative and accordingly reads
Fµν = [Dµ,Dν ] = i
[
∂µAν − ∂νAµ + κ2 (BµCν − CµBν)
]
+ κj [∂µBν − ∂νBµ + CµAν −AµCν ]
+κk [∂µCν − ∂νCµ +AµBν − BµAν ]
≡ iIµν + κjJµν + κkKµν , (46)
where the last line (46) serves as a definition of the several components Iµν , Jµν and Kµν . In analogy to the usual
case it is suggesting to postulate the following Lagrangian for the interaction fields of the generalized electrodynamics,
L = 1
4
F∗µνFµν =
1
4
IµνIµν + 1
4
κ
2JµνJ µν + 1
4
κ
2KµνKµν . (47)
V. CANONICAL QUANTIZATION OF GENERAL RELATIVITY WITH QUATERNIONS
A. Quaternionic Quantization in Quantum Geometrodynamics
In the last two sections the quaternionic quantization principle has been considered with respect to quantum
mechanics and the corresponding consequences for quantum field theory. But the main interest of this extension of
quantum theory arises, if it is explored within the quantum description of general relativity. Since the appropriate
quantum description of general relativity has not been found yet, it could indeed be possible that the generalization
of the concept of quantization, which is suggested in this paper, is necessary to incorporate also general relativity to a
quantum description of all interactions, although the approximation with κ → 0 was appropriate to treat the physics
of elementary particles at low energies, which is based on the other fundamental interactions in nature. Of course, the
generalization of the quantization concept has been formulated with respect to canonical quantization. Accordingly,
a modification of the canonical quantization of general relativity is considered in this section and in the next section
the corresponding modification is extended to canonical quantum supergravity. The canonical quantization of general
relativity is based on a foliation of space-time into a spacelike three dimensional submanifold Σ and one separated
space-time direction described by τ , which is considered as time-coordinate. Accordingly the metric gµν referring to
the complete space-time can be splitted into a part referring to the spacelike submanifold Σ, which is denoted as hab,
and the other components, which are related to the time coordinate τ and are expressed by the lapse function N and
the shift vector Na, see [97] for example. The complete metric expressed by these variables reads as follows:
gµν =
(
NaN
a −N2 Nb
Nc hab
)
. (48)
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If the representation (48) of the metric is used, then the Einstein-Hilbert action can be written in the following way:
SEH =
∫
M
dt d3x Lg = 1
16πG
∫
M
dt d3x N
(
GabcdKabKcd +
√
h [Rh − 2Λ]
)
, (49)
where G denotes the gravitational constant, Rh denotes the part of the Ricci scalar built from the three metric hab
and thus refers to the submanifold Σ and Kab denotes the extrinsic curvature, which is defined as
Kab =
1
2N
(
h˙ab −DaNb −DbNa
)
, (50)
and the forth order tensor Gabcd is called DeWitt metric and is defined as
Gabcd =
1
2
√
h
(hachbd + hadhbc − habhcd) . (51)
By referring to the Lagrangian Lg within (49), the canonical conjugated quantity πab can be defined,
πab =
∂Lg
∂h˙ab
=
√
h
16πG
(
Kab −Khab) , (52)
and by using the canonical conjugated momentum (52) the Einstein-Hilbert action (49) can be reexpressed to
SEH =
1
16πG
∫
M
dt d3x
(
πabh˙ab −NHτ −NaHa
)
, (53)
where Hτ denotes the part of the Hamiltonian density referring to the time direction τ and Ha denotes the part of
the Hamiltonian density referring to the submanifold Σ. Variation of (53) with respect to the three metric yields the
dynamical constraints, the Hamiltonian constraint and the diffeomorphism constraint,
Hτ = 16πGGabcdπabπcd −
√
h
16πG
(Rh − 2Λ) = 0, Ha = −2Dbπba = 0. (54)
To obtain a quantum description of canonical general relativity, the three metric hab defined in (48) as well as
the corresponding canonical conjugated variable πab defined in (52) have to be converted to operators, hab → hˆab
and πab → πˆab. Within the usual description of quantum geometrodynamics one postulates in analogy to the usual
Heisenbergian commutation relation between position and momentum as quantization principle in quantum mechanics
the following commutation relations between the operator describing the three metric hˆab and the operator describing
the corresponding canonical conjugated momentum πˆab,
[
hˆab(x), πˆ
cd(y)
]
=
i
2
(
δcaδ
d
b + δ
c
bδ
d
a
)
δ(x − y). (55)
If now the assumption is made that general quantum theory contains a quaternionic quantization principle, then this
quantization principle becomes not only manifest with respect to quantum mechanics, but also a quantum description
of general relativity has to be based on a corresponding quantization. This means that the quaternionic quantization
principle (7) as it has been formulated as generalization of quantum mechanics has to be transferred to the variables
of canonical quantum gravity and thus (55) has to be generalized. To be analogue to the case of quantum mechanics,
the generalization has to be performed in such a way that the commutation relations between the components of the
three metric hˆab and the corresponding components of the canonical conjugated variable πˆ
ab remain the same and
the commutation relations between the components of hˆab and all the other components of πˆ
ab variable are equal to
j times the parameter κ. This leads to the following transition of the commutation relation between hˆab and πˆ
ab:
[
hˆab(x), πˆ
cd(y)
]
=
i
2
(
δcaδ
d
b + δ
c
bδ
d
a
)
δ(x− y) −→
[
hˆab(x), πˆ
cd(y)
]
=M cdab δ (x− y) , (56)
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where has been introduced the new quaternionic tensorM cdab of fourth order in three dimensions, which can be written
as a three cross three matrix, which contains second order tensors as entries of this matrix,
M cdab =
1
2

mc1a1 mc2a1 mc3a1mc1a2 mc2a2 mc3a2
mc1a3 m
c2
a3 m
c3
a3

 . (57)
The entries of (57) can again be written as three cross three matrices, which contain quaternionic expressions and are
of the following form:
mc1a1 =

 2i 2κj 2κj2κj i κj
2κj κj i

 , mc2a1 =

2κj 2κj 2κji 2κj κj
κj 2κj κj

 , mc3a1 =

2κj 2κj 2κjκj κj 2κj
i κj 2κj

 ,
mc1a2 =

2κj i κj2κj 2κj 2κj
2κj κj κj

 , mc2a2 =

 i 2κj κj2κj 2i 2κj
κj 2κj i

 , mc3a2 =

 κj κj 2κj2κj 2κj 2κj
κj i 2κj

 ,
mc1a3 =

2κj κj i2κj κj κj
2κj 2κj 2κj

 , mc2a3 =

 κj 2κj κjκj 2κj i
2κj 2κj 2κj

 , mc3a3 =

 i κj 2κjκj i 2κj
2κj 2κj 2i

 . (58)
As in the usual case the factor 12 of some entries arises from the symmetry property of the three metric, hab = hba
leading also to πab = πba, implying that the components of the components with different indices would appear doubly,
if the corresponding factor two would not be removed. As usual the operators act on states |Ψ〉, which are functionals
depending on hab or π
ab respectively, but take in analogy to the generalized states in quantum mechanics quaternionic
values. If the three metric representation of the operators defined by the quaternionic quantization principle of general
relativity is used (56), these operators read
hˆab (x) |Ψ[h (x)]〉 = hab (x) |Ψ[h (x)]〉, πˆab (x) |Ψ[h (x)]〉 = −Mabcd
δ
δhcd (x)
|Ψ[h (x)]〉. (59)
The quaternionic quantization principle implies also nontrivial commutation relations between the components of
the three metric operator hˆab and the components of the operator of the canonical conjugated quantity πˆ
ab. The
commutation relations between the components of the three metric operator hˆab can be calculated by using the
representation with respect to the canonical conjugated quantity reading as follows:
hˆab (x) |Ψ [π (x)]〉 =M cdab
δ
δπcd (x)
|Ψ [π (x)]〉, πˆab (x) |Ψ [π (x)]〉 = πab (x) |Ψ [π (x)]〉. (60)
The commutation relations between the components of the three metric arise from the fact that the components of
the quaternionic tensor of fourth order, Mabcd , defining the quaternionic quantization principle (56) and being defined
in (57) and (58) do not commute with each other as the components of the quaternionic tensor in quantum mechanics
αµν defined in (8). Therefore to perform the calculation, the commutation relations between the components of the
quaternionic tensor of fourth order, Mabcd , are important. The components of M
ab
cd fulfil the following commutation
relations with each other, which are analogue to the commutation relations referring to αµν (11):
[
Mabcd ,M
ef
gh
]
=Mabefcdgh, (61)
where Mabefcdgh is a tensor of eight order, which can be written as a matrix containing tensors of sixth order,
Mabefcdgh = κ

µ
a1ef
c1gh µ
a1ef
c2gh µ
a1ef
c3gh
µ
a2ef
c1gh µ
a2ef
c2gh µ
a2ef
c3gh
µ
a3ef
c1gh µ
a3ef
c2gh µ
a3ef
c3gh

 , (62)
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where the tensors appearing in the matrix can be written as matrices again,
µ
c1gh
a1ef =
[
mc1a1,m
gh
ef
]
=

2m
gh
i ef 2m
gh
j ef 2m
gh
j ef
2m ghj ef m
gh
i ef m
gh
j ef
2m ghj ef m
gh
j ef m
gh
i ef

 , µc2gha1ef = [mc2a1,mghef ] =

2m
gh
j ef 2m
gh
j ef 2m
gh
j ef
m
gh
i ef 2m
gh
j ef m
gh
j ef
m
gh
j ef 2m
gh
j ef m
gh
j ef

 ,
µ
c3gh
a1ef =
[
mc3a1,m
gh
ef
]
=

2m
gh
j ef 2m
gh
j ef 2m
gh
j ef
m
gh
j ef m
h
j ef 2m
gh
j ef
m
gh
i ef m
f1
j ef 2m
gh
j ef

 , µc1gha2ef = [mc1a2,mghef ] =

2m
gh
j ef m
gh
i ef m
gh
j ef
2m ghj ef 2m
gh
j ef 2m
gh
j ef
2m ghj ef m
gh
j ef m
gh
j ef

 ,
µ
c2gh
a2ef =
[
mc2a2,m
gh
ef
]
=

m
gh
i ef 2m
gh
j ef m
gh
j ef
2m ghj ef 2m
gh
i ef 2m
gh
j ef
m
gh
j ef 2m
gh
j ef m
gh
i ef

 , µc3gha2ef = [mc3a2,mghef ] =

m
gh
j ef m
gh
j ef 2m
gh
j ef
2m ghj ef 2m
gh
j ef 2m
gh
j ef
m
gh
j ef m
gh
i ef 2m
gh
j ef

 ,
µ
c1gh
a3ef =
[
mc1a3,m
gh
ef
]
=

2m
gh
i ef m
gh
j ef m
gh
i ef
2m ghj ef m
gh
j ef m
gh
j ef
2m ghj ef 2m
gh
j ef 2m
gh
j ef

 , µc2gha3ef = [mc2a3,mghef ] =

m
gh
j ef 2m
gh
j ef m
gh
j ef
m
gh
j ef 2m
gh
j ef m
gh
i ef
2m ghj ef 2m
gh
j ef 2m
gh
j ef

 ,
µ
c3gh
a3ef =
[
mc3a3,m
gh
ef
]
=

m
gh
i ef m
gh
j ef 2m
gh
j ef
m
gh
j ef m
gh
i ef 2m
gh
j ef
2m ghj ef 2m
gh
j ef 2m
gh
i ef

 , (63)
which again contain tensors of fourth order, which entries are defined as
m c1i a1 =
[
i,mc1a1
]
=

 0 4k 4k4k 0 2k
4k 2k 0

 , m c2i a1 = [i,mc2a1] =

4k 4k 4k0 4k 2k
2k 4k 2k

 , m c3i a1 = [i,mc3a1] =

4k 4k 4k2k 2k 4k
0 2k 4k

 ,
m c1i a2 =
[
i,mc1a2
]
=

4k 0 2k4k 4k 4k
4k 2k 2k

 , m c2i a2 = [i,mc2a2] =

 0 4k 2k4k 0 4k
2k 4k 0

 , m c3i a2 = [i,mc3a2] =

2k 2k 4k4k 4k 4k
2k 0 4k

 ,
m c1i a3 =
[
i,mc1a3
]
=

4k 2k 04k 2k 2k
4k 4k 4k

 , m c2i a3 = [i,mc2a3] =

2k 4k 2k2k 4k 0
4k 4k 4k

 , m c3i a3 = [i,mc3a3] =

 0 2k 4k2k 0 4k
4k 4k 0

 ,
m c1j a1 =
[
j,mc1a1
]
=

−4k 0 00 −2k 0
0 0 −2k

 , m c2j a1 = [j,mc2a1] =

 0 0 0−2k 0 0
0 0 0

 , m c3j a1 = [j,mc3a1] =

 0 0 00 0 0
−2k 0 0

 ,
m c1j a2 =
[
j,mc1a2
]
=

0 −2k 00 0 0
0 0 0

 , m c2j a2 = [j,mc2a2] =

−2k 0 00 −4k 0
0 0 −2k

 , m c3j a2 = [j,mc3a2] =

0 0 00 0 0
0 −2k 0

 ,
m c1j a3 =
[
j,mc1a3
]
=

0 0 −2k0 0 0
0 0 0

 , m c2j a3 = [j,mc2a3] =

0 0 00 0 −2k
0 0 0

 , m c3j a3 = [j,mc3a3] =

−2k 0 00 −2k 0
0 0 −4k

 .
(64)
Accordingly the components of the three metric operator hˆab fulfil the following commutation relations:
[
hˆab (x) , hˆcd (y)
]
=
[
−M efab
δ
δπef (x)
,−Mghcd
δ
δπgh(y)
]
=Mefghabcd
(
M−1
)ij
ef
(
M−1
)kl
gh
hˆij (x) hˆkl (y) . (65)
The commutation relations between the components of the operator of the canonical conjugated quantity πˆab, which
can be calculated by referring to the three metric representation, read as follows
[πˆab (x) , πˆcd (y)] =
[
M
ef
ab
δ
δhef (x)
,M
gh
cd
δ
δhgh (y)
]
=Mefghabcd
(
M−1
)ij
ef
(
M−1
)kl
gh
πˆij (x) πˆkl (y) . (66)
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It is remarkable that according to (65) and (66) the components of the operators hˆab and πˆ
ab respectively fulfil even
nontrivial commutation relations with the corresponding components of the operators at other space points, what
induces a kind of nonlocality. This nonlocality has its origin in the property that the noncommutativity in (65) and
(66) arises from the noncommutativity of the quaternionic components and this structure does not depend on the
space point. To obtain the quantum constraints restricting the states, which are physically possible, the canonical
variables hab and π
ab appearing in (108) have to be replaced by the corresponding operators hˆab and πˆ
ab. This yields
the following quaternionic Wheeler-DeWitt equation as quantum theoretical analogon to the Hamiltonian constraint
as well the quantum theoretical version of the diffeomorphism constraint, which read as follows:
[
16πGGabcdM
ab
efM
cd
gh
δ
δhef
δ
δhgh
−
√
h
16πG
(Rh − 2Λ)
]
|Ψ [h]〉 = 0, 2DbhacM bcde
δ
δhde
|Ψ [h]〉 = 0.
(67)
The constraints (67) restrict the space of states, which are dynamically possible, |Ψ [h (x)]〉, to a subspace Vdyn
of the space of all states V : Vdyn ⊂ V . The problems concerning the definition of an inner product in quantum
geometrodynamics remain the same as in the usual case. But of course, the quaternionic quantization principle can
analogously be transferred to the new formulation of Hamiltonian general relativity given in [98],[99], on which loop
quantum gravity is based, which has been developed in [100],[101]. This is done in the next subsection.
B. Quaternionic Quantization of Ashtekars Variables
The Hamiltonian formulation of general relativity based on Ashtekars variables contains the connection of the
gravitational field on the submanifold Σ as the decisive quantity, which is expressed as special spin connection. The
canonical conjugated quantity is the tetrad field on Σ multiplied with the square root of the three metric. Concretely,
the Ashtekar variables are defined as follows:
Aia =
Γia + βK
i
a
G
, Eai =
√
heai , (68)
where Kia denotes the extrinsic curvature defined in (50) and Γ
i
a is defined as follows: Γ
i
a = − 12ωajkǫijk, with
ωajk describing the spin connection. β denotes the Immirzi parameter. Since the connection A
i
a and the canonical
conjugated variable Eai contain only one space-time index, the quaternionic quantization principle can directly be
transferred from quantum mechanics to general relativity by using the quaternionic quantization tensor αµν with
respect to its spatial part referring to Σ, which shall be called P ab,
P ab =

 i κj κjκj i κj
κj κj i

 , (69)
and postulating the following generalization of the commutation relation:
[
Aˆia (x) , Eˆ
b
j (y)
]
= 8πβiδbaδ
i
jδ (x− y) −→
[
Aˆia (x) , Eˆ
b
j (y)
]
= 8πβP baδ
i
jδ (x− y) . (70)
The quantization principle (70) leads to the following representation of the operators with respect to the connection,
Aˆia (x) |Ψ [A (x)]〉 = Aia (x) |Ψ [A (x)]〉, Eˆai (x) |Ψ [A (x)]〉 = −8πβP ab
δ
δAib (x)
|Ψ [A (x)]〉. (71)
The inverse of the three dimensional quaternionic quantization tensor P ab reads:
(
P−1
)a
b
=

uii+ ujj vii+ vjj vii+ vjjvii+ vjj uii+ ujj vii+ vjj
vii+ vjj vii+ vjj uii+ ujj

 , (72)
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where the coefficients of the quaternionic entries of
(
P−1
)a
b
are of the following shape:
ui = − 3κ
2 + 1
4κ4 + 5κ2 + 1
, uj =
2κ3
4κ4 + 5κ2 + 1
, vi =
κ
2
4κ4 + 5κ2 + 1
, vj = − 2κ
3 + κ
4κ4 + 5κ2 + 1
. (73)
Of course, analogue to the case of αµν as well asM
ab
cd , also the components P
a
b fulfil nontrivial commutation relations,
[
P ab, P cd
]
= Ξabcd, (74)
where Ξabcd is a tensor of fourth order, which can be written as a matrix,
Ξabcd = κ

ξabi ξabj ξabjξabj ξabi ξabj
ξabj ξ
ab
j ξ
ab
i

 , (75)
which contains tensors of second order, ξabi and ξ
ab
j , which can be written as matrices again,
ξabi =

 0 2k 2k2k 0 2k
2k 2k 0

 , ξabj =

−2k 0 00 −2k 0
0 0 −2k

 . (76)
This leads of course also in this formulation to nontrivial commutation relations of the components of the operator of
the connection with each other as well as between the components the operator of the conjugated variable with each
other, which are analogue to (65) and (66) and are given by
[
Aˆia (x) , Aˆ
j
b (y)
]
= Ξacbd
(
P−1
)ce (
P−1
)df
Aˆie (x) Aˆ
j
f (y) , (77)
and
[
Eˆai (x) , Eˆ
b
j (y)
]
= Ξacbd
(
P−1
)
ce
(
P−1
)
df
Eˆei (x) Eˆ
f
j (y) . (78)
If the special choice β = i is made, the Hamiltonian constraint is given by
Hˆτ |Ψ [A]〉 = ǫijkFˆkabEˆai Eˆbj |Ψ [A]〉 = 16π2β2ǫijkFkabP acP bd
δ
δAic
δ
δA
j
d
|Ψ [A]〉 = 0, (79)
and the diffeomorphism constraint is given by
Hˆa|Ψ [A]〉 = Fˆ iabEˆbi |Ψ [A]〉 = −8πβF iabP bc
δ
δAic
|Ψ [A]〉 = 0, (80)
where the field strength tensor F iab is defined as
F iab = 2G∂aA
i
b +G
2ǫijkA
j
aE
k
b . (81)
In case of the Ashtekar formulation, the Gauss constraint additionally appears, which in case of the postulation of
the quaternionic quantization principle reads
DaEˆai |Ψ [A]〉 = DaP ab
δ
δAib
|Ψ [A]〉 = 0, with DaEai = ∂aEai +GǫijkAjaEka. (82)
As approach for the formulation of an inner product, 〈 · | · 〉, in analogy to the usual case one can postulate,
〈Φ|Ψ〉 =
∫
Vdyn
Dµ [A] Φ∗ [A] Ψ [A] , (83)
which constitutes a Hilbert space HG based on Vdyn. Ψ∗ [A] still denotes the quaternionic conjugated quantity to
Ψ [A]. The operators Aˆia and Eˆ
a
i , which can be represented in the connection representation according to (71), are
self-adjoint with respect to the inner product (83).
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VI. QUATERNIONIC QUANTIZATION OF SUPERGRAVITY
A. The Quaternionic Quantization Principle in case of the Appearance of Dirac Brackets
The quaternionic quantization principle has already been considered for the special cases of quantum me-
chanics and usual canonical general relativity in the last sections. In this section the quaternionic quan-
tization procedure shall be transferred to an extension of general relativity, N = 1 supergravity namely.
Of course, the canonical formulation of supergravity has to be considered. The canonical quantization of
supergravity has first been developed in [102],[103]. Further developments can for example be found in
[104],[105],[106],[107],[108],[109],[110],[111],[112],[113],[114],[115],[116],[117]. The quantization procedure becomes
more intricate in the case of supergravity, since because of the appearance of second class constraints, the quan-
tization is not performed by postulating the commutation relations being equal to i times the corresponding classical
Poisson-brackets, but the Poisson brackets have to be replaced by Dirac brackets. This means that some commuta-
tors are proportional to more complicated tensors than just a product of delta functions and nontrivial commutators
between the components of the operators of the variables with each other can already arise in the usual case. Thus
the question arises how the quaternionic quantization principle has to be implemented, if Dirac brackets appear.
Accordingly the quaternionic quantization principle has to be formulated in a more general form and it is necessary
to find a general setting of the quaternionic quantization principle as generalization of general quantum theory. In
quantum mechanics the transition from the usual quantization principle to the quaternionic quantization principle is
performed by replacing the Kronecker symbol δµν by the quaternionic quantization tensor α
µ
ν , what has been done
in (7). For an arbitrary vector Aa and its corresponding canonical conjugated quantity Bb, which are quantized by
transferring Poisson brackets to commutators, this means
[
Aˆa, Bˆb
]
= iδab −→
[
Aˆa, Bˆb
]
= PDab, (84)
where PDab is the D-dimensional generalization of Pab. It has now to be formulated the generalization of (84) to enable
the transfer to theories, where second class constraints appear and thus Dirac brackets have to be considered meaning
that the commutator is postulated to be equal to a more complicated tensor than the Kronecker symbol already in
the usual case. To obtain such a formulation, it is helpful to reexpress PDab as follows:
PDab = iQcdabδcd, (85)
where Qcdab is a quaternionic tensor of fourth order, which reads
Qcdab =


1 −κk ... ... −κk
−κk 1 ... ... ...
... ... ... ... ...
... ... ... 1 −κk
−κk ... ... −κk 1

⊗ 1D


1 i ... ... i
i 1 ... ... ...
... ... ... ... ...
... ... ... 1 i
i ... ... i 1

 ≡ Pab ⊗ N
cd
D
, a, b, c, d = 1...D, (86)
where D denotes the number of dimensions of the space the quantities live in, which have to be quantized, and N ab has
been chosen in such a way that Nabδab = D, that it is invertible and its non diagonal elements do not vanish anyhow,
what is important with respect to the Dirac brackets. In the special case D = 3 it holds iPab = Pab. Remember
that Pab has been defined in (69). This means that the tensor Qcdab serves as a mediation tensor between the usual
value of the commutator and the generalized value of the commutator. Accordingly it is possible to generalize this
quantization principle by transforming any tensor on the right hand side of the usual quantization principle with the
transformation tensor Qcdab. This means for the quantization of an arbitrary vector Aa and its corresponding canonical
conjugated quantity Bb, which are usually quantized by transferring the Dirac bracket to a commutator,
[
Aˆa, Bˆb
]
+/−
= i {Aa, Bb}D −→
[
Aˆa, Bˆb
]
+/−
= iQcdab {Ac, Bd}D , (87)
where { · , · }D denotes the corresponding Dirac bracket being defined as
{A,B}D = {A,B}P − {A,Θi}P
(
Ω−1
)ij {Θj, B}P , (88)
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where { · , · }P denotes the usual Poisson bracket, the Θi denote the second class constraints and Ωij = {Θi,Θj}P .
In case of D = 3 as it appears with respect to the generalization of the quantization of N = 1 supergravity in usual
(3+1)-dimensional space-time, the quaternionic mediation tensor Qcdab multiplied with i, which has to be applied to
the value of the Dirac bracket to obtain the generalized commutator and is denoted by Qcdab, can be written as follows:
Qcdab = iQcdab = iPab ⊗
N cd
3
= Pab ⊗ N
cd
3
. (89)
Concerning the formulation of the generalized quantization rules arising from the Dirac brackets, the inverse of Qcdab
will have to be used, which can be written as
(
Q−1
)ab
cd
= − (Q−1)ab
cd
i = −3 (P−1)ab ⊗ (N−1)
cd
i = 3
(
P−1
)ab ⊗ (N−1)
cd
. (90)
(
P−1
)ab
has been calculated in (72). The commutator of the several components of Qcdab with each other reads:
[
Qcdab, Q
gh
ef
]
= Ξabef
N cdN gh
9
≡ Γcdghabef +
Pef
9
∆ghabN cd −
Pab
9
∆cdefN gh, (91)
where the last equalization serves as a definition of Γcdghabef , Ξabcd has already been determined in (75) and ∆
cd
ab can be
written by using the definition (76) and thus reads as follows:
∆cdab =

 0 −ξi ab −ξi ab−ξi ab 0 −ξi ab
−ξi ab −ξi ab 0

 . (92)
B. Quaternionic Quantization Principle in N = 1 Supergravity
To formulate supergravity, the tetrad formalism has to be used. The tetrad field is related to the metric field as
usual by the following relation: gµν = ηmne
m
µ e
n
ν , where ηmn denotes the Minkowski metric. Concerning the canonical
quantization as well as its quaternionic extension, it is helpful to use the spinor representation of Minkowski vectors
given in [118],[119] and [120] for example, which is obtained by using the Pauli matrices. This means that the tetrad
field emµ can be rewritten as
eAA
′
µ = e
n
µσ¯
AA′
n . (93)
Here the matrices σ¯AA
′
n are considered as components of a four-vector containing the Pauli matrices and the negative
unity matrix,
σ¯0 = − 1√
2
(
1 0
0 1
)
, σ¯1 =
1√
2
(
0 1
1 0
)
, σ¯2 =
1√
2
(
0 −i
i 0
)
, σ¯3 =
1√
2
(
1 0
0 −1
)
. (94)
Indices of the spinor representation are raised and lowered by the tensor ǫAB, which is the total antisymmetric
tensor with respect to the spinor space. The new quantity nAA
′
directly related to the unit normal nµ to the three
dimensional submanifold Σ on which the three metric lives is defined as follows:
nAA
′
= eAA
′
µ n
µ, (95)
and fulfils the following relations:
nAA′e
AA′
a = 0, nAA′n
AA′ = 1. (96)
The unit normal, the components of the tetrad field and N as well as Na
17
eAA
′
0 = Nn
AA′ +NaeAA
′
a , (97)
and the action of N = 1 supergravity is given by
SN=1 = 1
16πG
∫
d4x e eµae
ν
bR
ab
µν +
1
2
∫
d4x e ǫµνρσ
(
ψ¯A
′
µ eAA′νDρψ
A
σ + h.c.
)
, (98)
where e = det
(
emµ
)
, ǫµνρσ denotes the total antisymmetric tensor in four dimensions and the covariant derivative
applied to a spinor reads
Dµψ
A
ν = ∂µψ
A
ν + ω
A
µBψ
B
ν , (99)
where ωAµB denotes the spin connection in the spinor representation. Because of the appearance of the Rarita Schwinger
field the existence of a torsion is induced,
T AA′µν = D[µeAA
′
ν] = −4πiψ¯A
′
[µ ψ
A
ν], (100)
which is however assumed to vanish in the further consideration of this paper. The action of N = 1 supergravity (98)
has three symmetries. Since it is a supersymmetric theory, it of course contains a supersymmetry and is invariant
under the following corresponding transformations:
δeAA
′
µ = −i
√
8πG
(
ζAψ¯A
′
µ + ζ¯
A′ψAµ
)
, δψAµ =
Dµζ
A
√
2πG
, δψ¯A
′
µ =
Dµζ¯
A′
√
2πG
, (101)
where ζA and ζA
′
denote the transformation parameter of the supersymmetry and its adjoint. Besides it contains
local Lorentz symmetry and accordingly is invariant under the following transformations:
δeAA
′
µ = L
A
B e
BA′
µ + L¯
A′
B′ e
AB′µ, δψAµ = L
A
B ψ
B
µ , δψ¯
A′
µ = L¯
A′
B′ ψ¯
B′
µ , (102)
where L AB and L¯
A′
B denote the transformation parameter of the Lorentz group and its adjoint, and it contains local
symmetry under coordinate transformations and thus contains diffeomorphism invariance, which means that it is
invariant under the following transformations:
δeAA
′
µ = z
ν∂νe
AA′
µ + e
AA′
ν ∂µz
ν , δψAµ = z
ν∂νψ
A
µ + ψ
A
ν ∂µz
ν, (103)
where zµ denotes the corresponding local translation parameter. The canonical conjugated variables to the tetrad
field eAA
′
µ as well as the Rarita Schwinger field ψ
A
a and its adjoint ψ¯
A′
a are as usual defined with respect to the the
action of N = 1 supergravity (98) and accordingly the conjugated variable to the tetrad field paAA′ is given by
paAA′ =
δSN=1
δe˙AA
′
a
. (104)
paAA′ is related to the canonical conjugated variable of hab within the usual formulation of canonical general relativity
used in quantum geometrodynamics by
πab =
eAA
′apbAA′ + e
AA′bpaAA′
2
, (105)
and the canonical conjugated variables to ψAa and ψ
A′
a read as follows:
(πψ)
a
A =
δSN=1
δψ˙Aa
= −1
2
ǫabcψ¯A
′
b eAA′c,
(
π˜ψ¯
)a
A′
=
δSN=1
δ ˙¯ψA′a
=
1
2
ǫabcψAb eAA′c. (106)
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The complete Hamiltonian of N = 1 supergravity corresponding to the action (98) reads
H =
∫
d3x
(
NHτ +NaHa + ψA0 SA + S¯A′ ψ¯A
′
0 − ωAB0JAB − ω¯A′B′0J¯A
′B′
)
, (107)
which corresponds to the following constraints:
JAB = 0, J¯A′B′ = 0, H = 0, Ha = 0, SA = 0, S¯A′ = 0, (108)
if it is varied with respect to N , Na, ψA0 , ψ¯
A′
0 , ωAB0 ω¯A′B′0. The part of the Hamiltonian densityHτ of (107) belonging
to the time direction reads under the condition that the torsion vanishes
Hτ = 16πGGabcdπabπcd −
√
hR
16πG
+
(
1
2
ǫabcψ¯A
′
a nAA′DbψAc + h.c.
)
, (109)
and the part of the Hamiltonian density Ha belonging to the spacelike directions with the submanifold Σ then reads
Ha = −2habDcπbc +
(
1
2
ǫbcdψ¯A
′
b eAA′aDcψAd + h.c.
)
. (110)
The expression SA and its conjugated quantity S¯
′
A represent the generators of supersymmetry transformations and
are defined as
SA = ǫ
abceAA′aDbψ¯A′c − i4πGpaAA′ψ¯A
′
a , S¯A′ = ǫ
abceAA′aDbψAc + i4πGpaAA′ψAa . (111)
The expression JAB and its conjugated quantity are the generators of Lorentz transformations and are defined as
JAB = e
A′a
(A pB)A′a + ψ
a
(A (πψ)B)a = e
A′a
(A pB)A′a −
1
2
ψa(Aǫabcψ¯
A′becB)A′ ,
J¯A′B′ = e
Aa
(A′pB′)Aa + ψ¯
a
(A′
(
π˜ψ¯
)
B′)a
= eAa(A′pB′)Aa +
1
2
ψ¯a(A′ǫabcψ
AbecB′)A. (112)
As already mentioned at the beginning of the first subsection of this section, the appearance of second class constraints
in supergravity implies that one has to introduce Dirac brackets, which replace the usual Poisson brackets concerning
the formulation of the quantization rules. The general definition of a Dirac bracket is given in (88) and in case of
supergravity the Dirac brackets between the several quantities read
{
eAA
′
a (x) , e
BB′
b (y)
}
D
= 0,{
eAA
′
a (x) , p
b
BB′ (y)
}
D
= ǫABǫ
A′
B′δ
b
aδ(x− y),{
paAA′ (x) , p
b
BB′ (y)
}
D
=
1
4
ǫbcdψBdDAB′ecǫ
aef ψ¯A′fδ(x− y) + h.c.,{
ψAa (x) , ψ
B
b (y)
}
D
= 0,{
ψAa (x) , ψ¯
A′
b (y)
}
D
= −DAA′ab δ(x− y),{
eAA
′
a (x) , ψ
B
b (y)
}
D
= 0,
{
paAA′ (x) , ψ
B
b (y)
}
D
=
1
2
ǫacdψAdD
B
A′bcδ(x− y), (113)
where the quantity DAA
′
ab has been defined according to
DAA
′
ab = −
2i√
h
eAB
′
b eBB′an
BA′ . (114)
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The generators of supersymmetry (111) fulfil the following Dirac brackets:
{SA (x) , SB (y)}D = 0,
{
S¯A′ (x) , S¯B′ (y)
}
D
= 0,
{
SA (x) , S¯A′ (y)
}
D
= i4πGHAA′(x)δ(x − y). (115)
In the usual quantization procedure, the Dirac brackets (113) have to be converted to commutators multiplied with
−i. A quaternionic quantization is performed by referring to (87) and accordingly the commutator has to be extended
by applying the operator Qcdab to it. But this holds only for the commutation relations involving the components of
the quantized variables and their corresponding canonical conjugated quantities and not for the other commutation
relations, which have to be derived from them because of their dependence on them. The choice, if commutation or
anticommutation relations have to be used, is completely analogue to the usual case and this means that commutation
relations are assumed, if at least one of the variables is Grassmann-even and otherwise anticommutation relations are
assumed. This means that the following commutation and anticommutation relations are postulated:
[
eAA
′
a (x), p
b
BB′ (y)
]
−
= iδedδ
bfQceaf ǫABǫA
′
B′δ
d
c δ(x − y),
[
ψAa (x), ψ¯
A′
b (y)
]
+
= −iQcdabDAA
′
cd δ(x− y). (116)
Besides one is led to the following commutation relation, if one assumes the quantization principle (87) also to be valid
with respect to the commutation relations between the components of paAA′(x) and ψ
A
a (x) as commutation relation
between a field operator and the canonical conjugated field operator belonging to another field operator,
[
paAA′(x), ψ
B
b (y)
]
− =
i
2
δgfδ
aeQfheb ǫgcdψAdDBA′hcδ(x− y). (117)
Since the transition rule (87) to obtain the commutation relations of the corresponding quantum theory, if the Dirac
brackets of the classical theory are given, holds only with respect to the commutation relations between the components
of a field operator and the components of a canonical conjugated variable because the other commutation relations
depend on them, the Dirac brackets given in (113) accordingly have to be converted to commutation relations by
deriving them from the properties of the operators eˆAA
′
a , pˆ
a
AA′ , ψˆ
AA′
a and
ˆ¯ψaAA′ . These operators are already defined
by the commutation relations (116) and (117). The operators eˆAA
′
a , pˆ
a
AA′ , ψˆ
AA′
a and
ˆ¯ψaAA′ fulfilling the commutation
relations (116) and (117) can be represented by referring on the corresponding states depending on eAA
′
a and ψ
AA′
a ,
|Ψ〉 = |Ψ [e, ψ]〉, and in this representation the operators ψˆAA′a and ˆ¯ψaAA′ are of the following shape:
ψˆAa (x) |Ψ [e (x) , ψ (x)]〉 = ψAa (x) |Ψ [e (x) , ψ (x)]〉, ˆ¯ψA
′
a (x)|Ψ [e (x) , ψ (x)]〉 = −iQcdbaDAA
′
cd
δ
δψAb (x)
|Ψ [e (x) , ψ (x)]〉,
(118)
and the operators eˆAA
′
a and pˆ
a
AA′ look as follows:
eˆAA
′
a (x) |Ψ [e (x) , ψ (x)]〉 = eAA
′
a (x) |Ψ [e (x) , ψ (x)]〉, (119)
pˆaAA′ (x) |Ψ [e (x) , ψ (x)]〉 =
[
−iδedδafQcebf δdc
δ
δeAA
′
b (x)
− i
2
δgf δ
aeQfheb ǫgdcψAdDBA′hc
δ
δψBb (x)
]
|Ψ [e (x) , ψ (x)]〉.
If the states are assumed to depend on pˆaAA′ and
ˆ¯ψaAA′ , |Ψ〉 = |Ψ
[
p (x) , ψ¯ (x)
]〉, then the operators ψˆAA′a and ˆ¯ψaAA′
can be represented as
ψˆAa (x)|Ψ
[
p (x) , ψ¯ (x)
]〉 = −iQcdbaDAA′cd δ
δψ¯A
′
b (x)
|Ψ [p (x) , ψ¯ (x)]〉, ˆ¯ψAa (x)|Ψ [p (x) , ψ¯ (x)]〉 = ψ¯Aa (x)|Ψ [p (x) , ψ¯ (x)]〉,
(120)
and the operators eˆAA
′
a and pˆ
a
AA′ look as follows:
eˆAA
′
a |Ψ
[
p (x) , ψ¯ (x)
]〉 = iδedδbfQceafδdc δ
δpbAA′(x)
|Ψ [p (x) , ψ¯ (x)]〉,
pˆaAA′ (x) |Ψ
[
p (x) , ψ¯ (x)
]〉 = paAA′ (x) |Ψ [p (x) , ψ¯ (x)]〉. (121)
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The other commutation relations representing no independent assumptions can now be derived from the operators
(118), (120), (120) and (121), which are already defined through the commutation relations considered in (116) and
(117). Accordingly the complete set of commutation relations reads as follows:
[
eAA
′
a (x) , e
GG′
g (y)
]
−
= Γceikafglδedδ
bfδdc δkjδ
hlδ
j
i
[
δbmδ
np
(Q−1)mq
np
ieAA
′
q (x)
] [
δhrδ
st
(Q−1)ru
st
ieGG
′
u (y)
]
,[
eAA
′
a (x) , p
b
BB′ (y)
]
−
= iδedδ
bfQceaf ǫABǫA
′
B′δ
d
c δ(x− y),[
paAA′ (x) , p
i
II′ (y)
]
− = Γ
cekm
bfjn δedδ
afδdc δmlδ
inδlk
×
{
δuv
(Q−1)wb
uv
[
ipAA′w (x) − 1
2
δsrQstwoǫrqpψAq (x)DBA′tp (x)
(
CxyBC′ (x)
(Q−1)oz
xy
iψ¯C
′
z (x)
)]}
×
{
δu¯v¯
(Q−1)w¯j
u¯v¯
[
ipII′w¯ (y)− 1
2
δs¯r¯Qs¯t¯w¯o¯ǫr¯q¯p¯ψIq¯ (y)DDI′t¯p¯ (y)
(
Cx¯y¯DE′ (y)
(Q−1)o¯z¯
x¯y¯
iψ¯E
′
z¯ (y)
)]}
+
1
2
Γcenqbfmjδedδ
afδdc δpnδ
imǫplkψIl (y)D
J
I′qk (y)
{
δh¯i¯
(Q−1)j¯b
h¯i¯
[
ipAA′j¯ (x)
−1
2
δf¯ e¯Qf¯ g¯j¯b¯ ǫe¯d¯c¯ψAd¯ (x)DBA′g¯c¯ (x)
(
C k¯l¯BC′ (x)
(Q−1)b¯m¯
k¯l¯
iψ¯C
′
m¯ (x)
)]}[
CyzJB′ (y)
(Q−1)jx
yz
iψ¯B
′
x (y)
]
+
1
2
Γfhkmebjn δgf δ
aeǫgdcδmlδ
inδlkψAd (x)D
B
A′hc (x)
[
CyzBB′ (x)
(Q−1)bx
yz
iψ¯B
′
x (x)
]
×
{
δh¯i¯
(Q−1)j¯j
h¯i¯
[
ipII′j¯ (y)−
1
2
δf¯ e¯Qf¯ g¯j¯b¯ ǫe¯d¯c¯ψAd¯ (y)DCA′g¯c¯ (y)
(
C k¯l¯CC′ (y)
(Q−1)b¯m¯
k¯l¯
iψ¯C
′
m¯ (y)
)]}
+
1
4
Γfhnqebmjδgf δ
aeǫgdcδpnδ
imǫplkψAd (x)D
B
A′hc (x)ψIl (y)D
J
I′qk (y)
×
[
CvwBB′ (x)
(Q−1)bu
vw
iψ¯B
′
u (x)
] [
CyzJC′ (y)
(Q−1)jx
yz
iψ¯C
′
x (y)
]
+
1
4
iQfheb iQnqmjδgfδaeǫgdcδpnδimǫplk
[
ψAd (x)D
B
A′hc (x) , ψIl (y)D
J
I′qk (y)
]
×
[
CvwBB′ (x)
(Q−1)bu
vw
iψ¯B
′
u (x)
] [
CyzJC′ (y)
(Q−1)jx
yz
iψ¯C
′
x (y)
]
,[
ψAa (x), ψ
E
e (y)
]
+
= ΓcdghbafeD
AA′
cd (x)D
EE′
gh (y)
[
CjkBA′ (x)
(Q−1)bi
jk
iψBi (x)
] [
CmnCE′ (y)
(Q−1)fl
mn
iψCl (y)
]
+iQcdbaiQghfe
[
DAA
′
cd (x) , D
EE′
gh (y)
] [
CjkBA′ (x)
(Q−1)bi
jk
iψBi (x)
] [
CmnCE′ (y)
(Q−1)fl
mn
iψCl (y)
]
,[
ψAa (x) , ψ¯
A′
b (y)
]
+
= −iQcdabDAA
′
cd (x) δ(x − y),[
eAA
′
a (x) , ψ
G
g (y)
]
−
= Γceijafhgδedδ
bf δdcD
GG′
ij (y)
[
δbkδ
lm
(Q−1)kn
lm
ieAA
′
n (x)
] [
CyzBG′ (y)
(Q−1)hx
yz
iψBx (y)
]
,
[
paAA′ (x) , ψ
B
b (y)
]
− =
i
2
δgf δ
aeQfheb ǫgcdψAd (x)DBA′hc (x) δ(x− y), (122)
where have been used the following relations:
δ
δeAA
′
a
= δhi
(Q−1)ja
hi
[
ipAA′j − 1
2
δfeQfgjb ǫedcψAdDBA′gc
(
CklBC′
(Q−1)bm
kl
iψ¯C
′
m
)]
,
δ
δpaAA′
= −δabδcd
(Q−1)be
cd
ieAA
′
e ,
δ
δψAa
= CcdAB′
(Q−1)ab
cd
iψ¯B
′
b ,
δ
δψ¯A
′
a
= CcdBA′
(Q−1)ab
cd
iψBb , (123)
where CabAA′ as inverse of DAA
′
ab is defined according to
CabAA′ = −
i
√
h
2
eBB
′aebAB′ nBA′ . (124)
CabAA′ is the inverse of DAA
′
ab in the sense that the following relation is valid:
DAA
′a
a CbBA′b = ǫAB, (125)
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where the contracted quantities DAA
′a
a and CaAA′a appear, which are obtained from (114) and (124), DAA
′a
a =
− 2i√
h
nAA
′
, CaAA′a = − i
√
h
2 nAA′ . In the following calculation the validity of the relation (125) can be shown,
DAA
′a
a CbBA′b =
[
2i√
h
nAA
′
] [
i
√
h
2
nBA′
]
= −nAA′nBA′ = −nµnνσAA′µ σνBA′ = −nµnν
(
δµνǫ
A
B + iǫµνρσ
A
ρB
)
= −nµnµǫAB = ǫAB, since ǫµνρ = −ǫνµρ and nµnµ = −1. (126)
The relation (125) is also very important concerning the definition of the inner product defining the corresponding
Hilbert space. The above constraints of classical N = 1 supergravity (108) lead to the following quantum constraints:
Hˆτ |Ψ〉 = 0, Hˆa|Ψ〉 = 0, SˆA|Ψ〉 = 0, ˆ¯SA′ |Ψ〉 = 0, JˆAB|Ψ〉 = 0, ˆ¯JA′B′ |Ψ〉 = 0. (127)
If these quantum constraints (127) are written explicitly and the representation referring to the states expressed by
eAA
′
a and ψ
AA′
a , |Ψ [e, ψ]〉 (118), (120), is considered, then they read as follows:
Hˆτ |Ψ〉 =
[
16πGGabcdπˆ
abπˆcd −
√
hˆRˆ
16πG
+
(
1
2
ǫabc ˆ¯ψA
′
a nAA′DbψˆAc + h.c.
)]
|Ψ〉
=

16πGGabcd
eAA
′(a
[
−iδhgδb)iQfhei δgf δδeAA′e −
i
2δjiδ
b)hQikheǫjgfψAgDBA′kf δδψBe
]
2
·
eBB
′(c
[
−iδhgδd)iQfhei δgf δδeAA′e −
i
2δjiδ
d)hQikheǫjgfψAgDBA′kf δδψBe
]
2
−
√
hR
16πG
+
[
1
2
ǫabc
(
−iQghfaDA
′B
gh
δ
δψBf
)
nAA′DbψAc + h.c.
]}
|Ψ(e, ψ)〉 = 0, (128)
Hˆa|Ψ〉 =
[
−2hˆabDcπˆbc +
(
1
2
ǫbcd ˆ¯ψA
′
b eˆAA′aDcψˆAd + h.c.
)]
|Ψ〉
=

−2hˆabDc
eˆAA
′(b
[
−iδgfδc)hQegdhδfe δδeAA′
d
− i2δihδc)gQhjgdǫifeψAfDBA′je δδψB
d
]
2
+
[
1
2
ǫbcd
(
−iQghfbDA
′B
gh
δ
δψBf
)
eˆAA′aDcψˆAd + h.c.
]}
|Ψ(e, ψ)〉 = 0, (129)
SˆA|Ψ〉 =
[
ǫabceˆAA′aDb ˆ¯ψA′c − i4πGpˆaAA′ ˆ¯ψA
′
a
]
|Ψ〉
=
[
ǫabceAA′aDb
(
−iQghfcDA
′B
gh
δ
δψBf
)
− i4πG
(
−iδedδafQcebfδdc
δ
δeAA
′
b
− i
2
δgf δ
aeQfheb ǫgdcψAdDBA′hc
δ
δψBb
)
·
(
−iQghfaDA
′B
gh
δ
δψBf
)]
|Ψ(e, ψ)〉 = 0, (130)
ˆ¯SA′ |Ψ〉 =
[
ǫabceˆAA′aDbψˆAc + i4πGψˆA
′
a pˆ
a
AA′
]
|Ψ〉
=
[
ǫabceAA′aDbψAc + i4πGψA
′
a
(
−iδedδafQcebfδdc
δ
δeAA
′
b
− i
2
δgfδ
aeQfheb ǫgdcψAdDBA′hc
δ
δψBb
)]
|Ψ(e, ψ)〉 = 0, (131)
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JˆAB|Ψ〉 =
[
eˆA
′a
(A pˆB)A′a −
1
2
ψˆa(Aǫabc
ˆ¯ψA
′beˆcB)A′
]
|Ψ〉
=
[
eA
′a
(A
(
−iδedQcebaδdc
δ
δe
B)A′
b
− i
2
δfeQegabǫfdcψB)dDCA′gc
δ
δψCb
)
−1
2
ψa(Aǫabc
(
−iδbeQghfeDA
′C
cd
δ
δψCf
)
ecB)A′
]
|Ψ(e, ψ)〉 = 0, (132)
ˆ¯JA′B′ |Ψ〉 =
[
eˆAa(A′ pˆB′)Aa −
1
2
ˆ¯ψa(A′ǫabcψˆ
AbeˆcB′)A
]
|Ψ〉
=
[
eAa(A′
(
−iδedQcebaδdc
δ
δe
B′)A
b
− i
2
δfeQegabǫfdcψB′)dDCAgc
δ
δψCb
)
−1
2
ǫ(A′D′
(
−iδaeQghfeDD
′C
gh
δ
δψCf
)
ǫabcψ
AbecB′)A
]
|Ψ(e, ψ)〉 = 0. (133)
To define the Hilbert space of the states, |Ψ [e, ψ]〉 or |Ψ [p, ψ¯]〉 respectively, of the quantum theory of N = 1
supergravity based on the quaternionic quantization principle, HN=1, an inner product has to be specified finally. The
inner product 〈 · | · 〉 between two quantum states of quantum supergravity under presupposition of the quaternionic
quantization principle is formulated as follows:
〈Φ|Ψ〉 =
∫
DeDψDψ¯ Φ¯ (e, ψ¯)Ψ(e, ψ) exp [− ∫ d3x (Q−1)ab
cd
iCcdAA′(x)ψAa (x)ψ¯A
′
b (x)
]
D−1 (e) , (134)
where D (e) is defined as
D (e) =
∏
x
det
[−iCabAA′(x)] . (135)
The definition of the inner product according to (134) represents the corresponding generalization of the inner product
given in [102] to the case of the quaternionic quantization principle. Besides incorporating
(Q−1)ab
cd
to the inner
product, the quantity CabAA′ = −ǫabceAA′c(x) appearing in the usual formulation of the inner product of quantum
supergravity has been replaced by CabAA′ , which has already been defined in (124). The definition of the inner product
according to (134) maintains that the operators ψˆAa and
ˆ¯ψA
′
a are still hermitian conjugated quantities to each other
in this generalized quantization scenario,
〈Φ| ˆ¯ψA′a |Ψ〉 = 〈ψˆAa Φ|Ψ〉. (136)
This can be shown as follows:
〈Φ| ˆ¯ψA′a |Ψ〉 =
∫
DeDψDψ¯ Φ¯ (e, ψ¯) [−iQcdbaDAA′cd δΨ(e, ψ)δψAb
]
exp
[
−
∫
d3x
(Q−1)ef
gh
iCcdBB′(x)ψBe (x)ψ¯B
′
f (x)
]
D−1 (e) ,
=
∫
DeDψDψ¯ iQcdbaDAA
′
cd
δ
δψAb
[
Φ
(
e, ψ¯
)
exp
[
−
∫
d3x
(Q−1)ef
gh
iCcdBB′(x)ψBe (x)ψ¯B
′
f (x)
]
D−1 (e)
]
Ψ(e, ψ) ,
=
∫
DeDψDψ¯ iQcdbaDAA
′
cd
δ
δψAb
[
−
∫
d3x
(Q−1)ef
gh
iCcdBB′(x)ψBe (x)ψ¯B
′
f (x)
]
×Φ (e, ψ¯) exp [− ∫ d3x (Q−1)ef
gh
iCcdBB′(x)ψBe (x)ψ¯B
′
f (x)
]
D−1 (e)Ψ (e, ψ) ,
=
∫
DeDψDψ¯ Φ¯ (e, ψ¯) ψ¯A′a exp
[
−
∫
d3x
(Q−1)ef
gh
iCcdBB′(x)ψBe (x)ψ¯B
′
f (x)
]
D−1 (e) ,
=
∫
DeDψDψ¯ ˆ¯ψA′a Φ¯
(
e, ψ¯
)
exp
[
−
∫
d3x
(Q−1)ef
gh
iCcdBB′(x)ψBe (x)ψ¯B
′
f (x)
]
D−1 (e) = 〈ψˆAa Φ|Ψ〉, (137)
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where has been used partial integration in the second step including the boundary condition
−
∫
DeDψ¯ iQcdbaDAA
′
cd
[
Φ
(
e, ψ¯
)
exp
[
−
∫
d3x
(Q−1)ef
gh
iCcdBB′(x)ψBe (x)ψ¯B
′
f (x)
]
D−1 (e)Ψ (e, ψ)
∣∣∣∣
∞
−∞
= 0, (138)
and the representation of the operator ψˆAa with respect to the states depending on e and ψ¯, |Ψ
(
e, ψ¯
)〉, which has been
given in (120). In the fourth step has been performed the following relation:
iQcdbaDAA
′
cd
δ
δψ¯A
′
b (x)
[
−
∫
d3x′
(Q−1)ef
gh
iCghBB′(x′)ψBe (x′)ψ¯B
′
f (x
′)
]
= ψAa (x)
[
−
∫
d3x′
(Q−1)ef
gh
iCghBB′(x′)ψBe (x′)ψ¯B
′
f (x
′)
]
,
(139)
which is based on the calculation
−iQcdbaDAA
′
cd
(Q−1)eb
gh
iCghBA′ψBe = −
[
i
δcd
3
Pab
] [
3δgh
(P−1)eb i]DAA′cd CghBA′ψBe = δeaDAA′cc CgBA′gψBe = δeaǫABψBe = ψAa ,
(140)
where has been used that Pab (P−1)
bc
= δac as well as the relation (125), whose validity has been shown in (126).
Also the Fourier transformations between the representation |Ψ(e, ψ)〉 and |Ψ˜ (e, ψ¯)〉, which are wave-functionals, is
defined by the inner product (134), and the Fourier transformation corresponding to (134) reads as follows:
Ψ˜
(
e, ψ¯
)
= D−1 (e)
∫
Dψ Ψ(e, ψ) exp
[
−
∫
d3x
(Q−1)ab
cd
iCcdAA′(x)ψAa (x)ψ¯A
′
b (x)
]
. (141)
VII. SUMMARY AND DISCUSSION
In this paper has been presented a generalized quantization principle for quantum theory based on an algebra
containing quaternions, which has been applied to quantum mechanics as well as to canonical quantum general
relativity and to N=1 canonical quantum supergravity. The presented theory can be seen as an alternative approach
to formulate general quantum theory and especially to quantize general relativity. The quaternionic quantization
principle assumes that the components of a variable belonging to a special space-time direction do not only fulfil
nontrivial commutation relations with the corresponding component of the canonical conjugated variable, but also with
the other components of this variable. The additional commutation relations are assumed to be proportional to another
direction than the usual complex direction in the space of quaternions. This implies also additional commutation
relations between the several components of the special variable with each other, leading to noncommutative geometry
in case of quantum mechanics and leading to commutation relations between the components of the gravitational field
in quantum gravity. This has its origin in the fact that the components of quaternions do not commute with each
other and accordingly also the components of the generalized quantization tensor, which is contained in the generalized
expressions of the operators, do not commute with each other.
Especially the application of this quantization principle to supergravity contains special intricacies, which are related
to the necessity to use Dirac brackets instead of Poisson brackets to obtain the corresponding quantum theory from
the classical theory. Accordingly the quaternionic quantization principle has to be adapted to the special conditions of
supergravity, what has been done for the special case of N = 1 supergravity in this paper. Because of the appearance
of Dirac brackets in case of supergravity additional commutation relations to the usual commutation relations based
on the Heisenberg algebra have to be considered, which are defined by the commutation relations between the several
operators and are decisively extended in case of a presupposition of the quaternionic quantization principle. Besides,
the inner product of canonical quantum supergravity has to be modified to maintain that the conjugated quantity to
the Rarita Schwinger field is still the hermitian adjoint quantity.
The relation between this generalization of the quantization principle of general quantum theory to the usual one
is determined by the new dimensionless parameter κ. If κ goes to zero, the generalized theory is approximatively
equal to the usual quantum theory. In principle, it is also thinkable that the quaternionic quantization principle is
just valid for the special case of the quantization of gravity, as quantization of usual general relativity or supergravity
respectively. In this case quantum mechanics and quantum field theory would not have to be changed, but quantum
gravity would be based on such a generalized quantization principle.
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The decisive intention of the paper consists in the assumption that the formulation of a quantum theory of gen-
eral relativity could not only presuppose a generalization of the classical approximation or at least its formulation,
but could alternatively or additionally presuppose a generalization of the quantization principle as way to obtain a
quantum theory from a classical theory. The presented idea of such a generalization of the concept of quantization
can be interpreted as a special manifestation of this principle consideration, which is based on a suggesting general-
ization, because there is no reason why quantum theory should be restricted to complex Hilbert spaces and why the
commutation relations between the components of the variables and the canonical conjugated variables belonging to
different space-time directions should be assumed to commute. This means that if the possibility of a generalization
of quantum theory as it is already postulated in noncommutative geometry with respect to the several components
of space-time coordinates is assumed to make sense, the presented theory appears as a very promising candidate for
such a generalization, which can in principle also be transferred to other formulations of general relativity as the loop
representation or to extended supergravity theories.
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